
in the boundary l aye r  at ~ ~ 1. In the case  fl _< 15 the p ro f i l e s  of u a re  monotonic;  the degree  of influence of 
rotation on the longitudinal velocity field can be de te rmined  by the m a x i m u m  value of the d i f ference  in the 
values of the longitudinal veloci t ies  for  a rotat ing and a nonrotat ing cyl inder  at each specif ied c r o s s  sect ion 
of the boundary layer ;  it turns  out that this quantity f i r s t  i n c r e a s e s  (in p ropor t ion  to i ts  d is tance  f r o m  the 
leading edge of the cyl inder) ,  then d e c r e a s e s ,  acquir ing i ts  max imum value at ~ < 1. 
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MOTION OF A SPHERICAL SOLID PARTICLE IN 

FLOW OF A VISCOUS INCOMPRESSIBLE LIQUID 

V .  S~ K u p t s o v  

A NONUNIFORM 

UDC 532.582.7+532.516.5 

The effect  of a pa r t i c le  on the bas ic  flow is  studied, and the equations of motion of the par t ic le  
a r e  fo rmula ted .  The p rob lem is  solved in the Stokes approximat ion ~4th an accuracy  up to the 
cube of the ra t io  Of the rad ius  of the sphe re  to the dis tance f r o m  the cen te r  of the sphe re  to 
pecu l ia r i t i es  in the bas ic  flow. An analogous p r o b l e m  concerning the motion of a sphere  in a 
nonuniform flow of an ideal liquid has been d iscussed  in [1]. We note that the solut ion is knowaa 
in the ca se  of flow around two s phe re s  by a uni form flow of a viscous incompress ib le  liquid [2], 
and we also note the pape r s  [3, 4] on the motion of a smal l  par t ic le  in a cyl indr ica l  tube, 

Let us cons ider  the slow flow (without a par t ic le)  of a viscous incompress ib l e  liquid. Let Yi be a fixed 
coordinate  sys tem;  then the veloci ty and p r e s s u r e  of this flow will sa t i s fy  the equations 

ap ~ 
~ ~ ~ = oy-~, ~ ~ = o, (t) 
j=i ~i "= 

0 the p ro jec t ions  of the veloci ty  vec tor  onto the coordinate  axes Yi; p0 is  the hydrodynamic  where  u i are  p r e s s u r e ;  
u is the dynamic  modulus of viscosi ty;  and i = 1, 2, 3. 

Let us in t roduce a new coordinate  s y s t e m  x i, whose cen te r  has the coord ina tes  qi in the coordinate  s y s -  
tem yio The re la t ion  between the coordinates  is of the fo rm 

Yl : x~ % q~. 

Voronezh.  T r a n s l a t e d  f r o m  Zhurnal  Prikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 4, pp. 71-74,  Ju ly -  
August, 1976. Original  ar t ic le  submit ted  October  6, 1975. 

I This material is protected by copyright registered in the name of  Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part [ 
~of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any mcans, electronic, mechanical, photocopying, l 
[ microfilming, recording or otherwise, without written permission o f  the publisher. A copy of  this article is available from the publisher for $ 7.30. [ 

510 



We will a s s u m e  the so lu t ion  of  (1) to be spec i f ied  in the coo rd ina t e  s y s t e m  x i in the f o r m  
cr 

o " pO= %' ~ ~'~P~ (q) x~ . . .x~ ,  

where  u i is  the gene ra l  solut ion of  the un i fo rm  equat ions  (1), and u ' i  is  a p a r t i c u l a r  solut ion of (1). 
r e s u l t s  of  [5], one can  p r e s e n t  them in the f o r m  

(2) 

Using the 

(3) 

U~'- m=o~OYJ-:::~g~ ( q ) ,  .b('),. ~_ 1 )  Oxi (~ -i- (m+ l) (2m + i) (Xn~ -:- 3) O z i \ ~ ]  , (4) 

w h e r e a  ~ f i  ~ i , j +  . . . + k = m ,  y + o .  o + k = m - 1  and s u m m a t i o n  o v e r  r epea t ed  indices  is a lso a s s u m e d ;  
6ij is  the K r o n e e k e r  t e n so r :  q = {q t ,  q~., q3} ; and r 2 = XsX s.  

The funct ion X ~ sa t i s f i e s  the r e l a t ionsh ip  

O Z o  Oua Ou 3 
Oy i 8y~ Oy a" 

(5) 

tn Eqs .  (3 ) - (5 )  X ~ u i ,  p0 a r e  h a r m o n i c  func t ions .  

Let  us put  the c e n t e r  of the s p h e r e  at  the point Yi = qi.  A s s u m i n g  that  the flow d i s tu rbed  by the sphe re  
is  again d e s c r i b e d  by equa t ions  o f  the f o r m  (1), one can seek  a solut ion fo r  f low around a s p h e r e  by  a nonuni-  
f o r m  flow with the help of f o r m u l a s  s i m i l a r  to (2 ) -  (4). We p r e s e n t  

0 i ' " v~ :-= ui -7 vi -:- v~; p = p0 _:_ p,, (6) 

where  the funct ions  v~, v]', and p' give the c o r r e c t i o n s  to the bas ic  p r o b l e m  due to the in t roduc t ion  of a sphe re  
into i t ,  and they should be s e l ec t ed  so  that the i r  effect  at l a rge  d i s t ances  f r o m  the sphe re  is v e r y  s m a l l  with 
r e s p e c t  to the quant i t ies  v i and p.  

The a t t achment  condi t ion 

.~!,.=~ = o, (7) 

where  a i s  the rad ius  of  the s p h e r i c a l  p a r t i c l e ,  is sa t i s f ied  on the sphe re .  

We p r e s e n t  v~, v~', and p' in the f o r m  

[ ( , - m C a 21~1 "!" :J 
F i  =.: < ,  ] (J t~.~ d m , , 

, ~o  " ~1! ~,,,j... ,% (q) o.,--~. ~ ~ " J  " "  x~,-i- 

�9 " m + l ~  ' " " 2 m + l  . l 

-~-  r 2 m +  1 X j  . . .  X h ~ r:2~,~+l (~yj~-~b, h ( q )  X.~ . . .  X h ; (8) 

a 2 * -- '3  m [ 
,, ~,~ a % (q) L r -~-2)'-2 .... i ~ (x~xj.  xk) 

V i = m = O A ' ~  p r o !  ey$" ":..c?yl~ ( m - ~ - l ) ( 2 m + t ) ( 2 m - > 3 )  ~x i 
(9) 

Orna 
,~--o m!r2~+3 c)V~ ... aV (q)x,x~ . . .  :rh, (10) 

where  c m,  C~n, c~n, and bm a r e  unknown cons tan ts  c o r r e s p o n d i n g  to a spec i f ic  se t  of  p roduc t s  xj. ~ . Xk. 

We subs t i tu te  .Eqs. (8) and (9) into (6), and us ing the condi t ions  (7), we obtain a s y s t e m  of  equat ions  f o r  
de t e rmin ing  the unknown cons tan t s  

craA~ + A'~c'~+~ -- B~c~ + brnn~ = D~; 
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a, o'~+iu, (q); 
where i = i, 2, 3; Ag' = (m q-2) OyzOy j ... dy k 

A;~ __ Omui a ~" (2m ~ -~- m - -  3) A~" 
' .... Oyj,..Oy k (q); L~n . . . .  2(2m@i)(2m@3)$t ~'  

] Og~zOg J ... Oy~ Oy~Oy~ ...  Oy~ 

D~ = a~- (2m~ ~ lira + 12) om+ip o (q ) - -  A ~ - -  A~ + B~; 
2~t (m -~- 2)(2m + 3) (2m -~- 5) Oy~Oy~ ... Og k 

N m =  a~(m-',- fl m Tra= a~- (m + i) Ora+lp ~ 

It fol lows f r o m  the bounda ry  condi t ions  (7) that  e 0 = 0, 
n i e n t t o s e t  e~a = -1  f o r  m = 1 ,2  . . . .  

Solving the s y s t e m  (!1),  we d e t e r m i n e  Cm, c ~ ,  bin:  

( 1 1 )  

Without r e s t r i c t i n g  the gene ra l i t y ,  i t  is e o n v e -  

.~ (2.,= + = - 3) ( r ~ - ~ / ~ )  v y -  A.c~+, + 8 V c 2 .  
2~ (2m ~- i) (2m ~- 3) (L~ + ?C-m) Ar~ , 

T,~ D TM ~ m m 
b i n = - -  L~ ~ + x '  ~ , c , . =  B~ 

f t  I t  fol lows f r o m  the l a s t  equat ion fo r  c m that B~ n ~ 0~ If B~ n = 0, then it  is n e c e s s a r y  a c c o r d i n g  to (8) to 
se t  c ~  equal  to z e r o .  Subst i tut ing the values found f o r  b m, Cm, ' and e ~  into (8)-(10), we obtain re la t ions  Cm:, 
f r o m  Eqs .  (6) f o r  de t e rmin ing  the ve loc i ty  and p r e s s u r e  f ie lds .  The b o u n d a r y - v a l u e  condi t ions  fo r  the main  
h y d r o d y n a m i c  f low in the c o n s t r u c t e d  solut ion can be fulf i l led due to (8)-(10) to an a c c u r a c y  of ( a / L )  a, whe re  L 
is  the d i s t ance  f r o m  the c e n t e r  o f  the s p h e r e  to the edges  of the  m ~ n  flow. 

Let us  d e t e r m i n e  the fo rce  act ing on the s p h e r i c a l  pa r t i c l e ,  

Fl =- ~ ch~n~ds, (12) 
s a  

where  Oil = - -PSi l  + g ( O v i / O x l +  0Vl/0Xi); s a is the a r e a  of  the s u r f a c e  o f  s s p h e r e ,  and n i a r e  the componen t s  
of the ou t e r  n o r m a l  to the s p h e r e .  

In ca lcu la t ing  the fo rce  act ing on the s p h e r e  f r o m  Eq. (12), r e l a t ionsh ips  were  used  for  the ve loc i ty  and 
the p r e s s u r e  in which t e r m s  of o r d e r  h ighe r  than ( a / L )  3 w e r e  negleqted ,  and we obtain i n t eg ra l s  of  the kind 

�9 ~ aids, ~ .r,n~ds, ! xjxhn~ds' ,f x~x~xmnids, which a re  ca l cu l a t ed  acco rd ing  to [1], 
s a  ~ a  g,~ $ a  

Final ly ,  we obtain an e x p r e s s i o n  fo r  the f o r c e  act ing on a sphe r i ca l  p a r t i c l e  r e s t r a i n e d  in a qu iescent  
s t a t e  in  the f o r m  

F l =  6.~,ttau~(q) -+-3~uaq~(Ous/OgO(q) @ ~a3(Op~ (13) 

One can obtain  f r o m  Eq. (13) the f o r c e  act ing on a Sphere p laced  in a un i fo rm flow, i .e . ,  

uz(q) = uz = c o n s t ,  p0 = coast, Fl = 6~,aauz. 

Equat ion (13) a g r e e s  with the r e s u l t s  of  [3, 4] concern ing  the mot ion  of a s m a l l  sphe r i ca l  p a r t i c l e  in a c y -  
l indr ic  al tube, 

Because  of the t inea r i ty  of the s y s t e m  of equat ions  (1), one can combine  the f o r c e s  act ing on the sphe re  
which are  obtained in the c a s e  of  f low around a sphere  by a nonun i fo rm f low and a lso  in the c a s e  of  the mot ion  
of a sphe re  in a s t a t i o n a r y  liquid. The s u m  of  the f o r c e s  act ing should equal z e r o  

F~ '-- FI = 0 ,  (14) 

where  F[ =-6"x#adq  l / d t  i s  the Stokes f o r m u l a  f o r  d e t e r m i n i n g  the fo rce  act ing on a sphere  moving  in a s t a t ion-  
a ry  l iquid.  Accord ing  to Eqs .  (13) and (14) we obtain  
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dqt/dt  = ul(q) + (t,'2)q~(~)tt~/Oyl)(q) -~- (aU6,u)(Op~ (15) 

where t is the time. 

Equations (15) which have been derived descr ibe  the motion of the center  of a part icle  in a nonuniform 

flow of a viscous incompress ib le  liquid~ 

i t  

2. 

3o 

4. 

5. 
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THEORY O F  TURBULENT MIXING AT THE INTERFACE OF 

FLUIDS IN A GRAVITY FIELD 

V. E. Neuvazhaev and Vo G. Yakovlev UDC 532.517.4 

The theory of turbulent mixing at the interface of two media in accelerated motion was con-  
structed in [1], and an approximate solution was given for  incompressible  fluids. The time 
variation of kinetic energy was neglected in the equation of balance for the kinetic energy 
of the turbulent motion. In [2] the charac te r i s t ic  turbulent velocity is averaged over  the 
mixing region. This allows the initial equations to be solved allo~4ng for the time variation 
of kinetic energy.  I t  turns out that the result ing density profile roughly coincides with the 
profile of [1] within a wide range of variation of the initial density differential.  In the p r e s -  
ent paper  the equations for  the mixing of incompress ib le  fluids are studied in their complete 
form.  It is established that the solutions of [1, 2] are applicable within a limited region, valid 
for  small  density rat ios.  The result ing solution is analyzed qualitatively, and it is shown that 
the density gradient at the mixing front is discontinuous. The dependence of the solution on 
two empir ical  constants is investigated. An approximate choice of the values of these con- 
s~ants is made on the basis  of the theoretical considerat ions of [2, 3], and by compar ison with 
the solution of [1]. The mixing asymmet ry  is found numerical ly  as a function of the initial 
density differential.  Quantitative charac te r i s t i cs  of the solution are i l lustrated in graphs.  

1 .  F o r m u l a t i o n  o f  t h e  P r o b l e m  

In o rde r  to descr ibe  the turbulent mixing of two substances of constant densities Pl and P2 situated in a 
gravi ty field go a semiempi r ica l  theory is constructed.  A charac te r i s t ic  turbulence velocity v and charac te r i s t i c  
turbulence length l are introduced.  An energy balance equation for the turbulence velocity v is  constructed 
f rom dimensional considerat ions [1]: 

Opv2/20t -~ vpv:~/l = plvo~ 2 (1.1) 
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